Recently Stembridge obtained the classification of multiplicity-free products of Schur functions, and thus of multiplicity-free outer products of irreducible characters of the symmetric groups. In this paper, the multiplicity-free products of Schur P-functions are classified, and then this is applied to the case of projective outer products of spin characters of the double covers of the symmetric groups.
Introduction
Recently, Stembridge obtained the complete classification of multiplicity-free products of Schur functions, or equivalently, outer products of characters of the symmetric groups [2] . In this article, we deal with products of Schur P-functions and with projective outer products of spin characters of the double covers of the symmetric groups.
First we have to introduce some notation; we follow the notation used in [1], otherwise.
For n ∈ N, we denote by D(n) the set of partitions of n into distinct parts, and we set D = n D(n).
To a partition λ ∈ D(n) we associate a shifted diagram
Note that coordinates will be interpreted in matrix notation. Let A be the ordered alphabet {1 < 1 < 2 < 2 < · · · }. The letters 1 , 2 , . . . are said to be marked, the others are unmarked. The notation |a| refers to the unmarked version of a letter a in A .
A shifted tableau T of shape λ is a map T :
1) for all i, j and the following additional property holds. Every k ∈ {1, 2, . . .} appears at most once in each column of T , and every k ∈ {1 , 2 , . . .} appears at most once in each row of T . For k ∈ {1, 2, . . .}, let c k be the number of boxes
Then we say that the tableau T has content (c 1 , c 2 , . . .). Analogously, we define skew shifted diagrams and skew shifted tableaux
For a partition λ ∈ D, let Q λ (x) denote Schur's Q-function, i.e., in combinatorial terms
where the sum runs over all shifted tableaux T of shape λ, and where x T stands for x c 1 1 x c 2 2 · · · with c i the multiplicity of |i| in the tableau T (see [1] for more details). Then Schur's P-function is
the generating function for shifted tableaux with unmarked main diagonal. Let st(λ; µ, ν) denote the coefficients in the expansion of the product of two Pfunctions:
The main result in this article provides the classification of multiplicity-free products P µ P ν of Schur P-functions. We will then apply this to classify the multiplicity-free projective outer products of spin characters.
Products of Schur P-functions
The coefficients in the products of Schur P-functions have been combinatorially determined by Stembridge [1]. To state his result, some further combinatorial notions are required.
For a (possibly skew) shifted tableau S we define its associated word w(S) = w 1 w 2 · · · by reading the rows of S from left to right and from bottom to top. By erasing the marks of w, we obtain the word |w|.
Given a word w = w 1 w 2 · · · , we define m i ( j) = multiplicity of i among w n− j+1 , . . . , w n , for 0 ≤ j ≤ n, m i (n + j) = m i (n) + multiplicity of i among w 1 , . . . , w j , for 0 < j ≤ n.
This function m i corresponds to reading the rows of the tableau first from top to bottom and from right to left, counting the letter i on the way, and then reading from bottom to top and left to right, counting the letter i on this way. We then say that the word w satisfies the lattice property if, whenever m i ( j) = m i−1 ( j), then w n− j = i, i , if 0 ≤ j < n,
The shifted Littlewood-Richardson rule obtained by Stembridge [1, 8.3] , is then given as follows.
